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A method is proposed for calculating the flow of a boiling liquid with bubbles through vert ical  
pipes (containers). 

The resul ts  obtained in [1-13] pertaining to the integral charac te r i s t i c s  of the bubble made and to the 
dynamics of individual bubble buildup can be useful for a more  systematic  approach to the problem of de t e r -  
mining the local cha rac te r i s t i c s  of the bubble mode. 

It is essential  here  that the equations of mixture  flow must  be considered simultaneously with the 
equation represent ing  the bubble s ize-dis t r ibut ion function. For  a vert ical  container (pipe) this la t ter  equa-  
tion (averaged over  the radius,  without taking into account the fragmentation and the m e r g e r  of bubbles) is 

'~t § (ul,~)x + (v,~ )~ ncP~%; ~ (t, O, v) noAo = = %, (i) 
U 1 

where ~ tx  denotes the number of bubbles of a s ize  v which a re  contained in volume A(x)dx. With the aid 
of the resu l t s  in [7-91, the flow velocity and the buildup ra te  of a moving bubble can be wri t ten as  

t 

" " " r/-24(aUs)-TJa; Ja = ct'pAT . 
u s - - a v  ; v = c w  ; a =  pahevap (2) 

Exponents m and n depend on the bubble dimensions [4, 7, 8]. For  a uniformly superheated (or sub-  
heated) liquid with AT = eonst,  ne = eonst and, if ~o c = 6 ( v - v  0) and ~o 0 = 6(v-v0),  then the s teady-s ta te  d i s -  
tr ibution ~0(x, v) is 

n "_L_ ncPc O 
e~(x, v) = n~ "-7"-6 (K (~" -- I) q: I]) (K~ c ~ 11) c ~-~ ~: ncP.. c O (K (~c_ I) q: 11) ~-" • -cw--~- (~ -- I) ~-~; 

UlOO (ZOo 
(3) 

c = m + n - - l ;  K -  av~ v x . . . .  ; ~ ~= --" ~] = - - ;  ~, ~q ~ 0 ;  P c  = const. 
(YX?X 0 0 0 ' XO 

The upper signs cor respond to a superheated liquid, the lower signs cor respond to a subheated liquid. 

Exponents m and n in (3) depend on the bubble size as follows [1]: 

Re << 1 ; u s = av2/3; o = avS/S; (4) 

Re >> 1; u s = av'/6; ~ = avT,'l~; (5) 
i 

Re>3Arl/~; us = a ;  o = av Y (6) 

The factor  ~ -n in (3) indicates that the density distr ibution dec reases  as the bubble size v increases .  The 
total quantity of bubbles and the vapor content distr ibution ~0 from (3) a re  (at u 1 = eonst) 

n (x) = ~e~dv = n~ x + n~176 ; cA = J'cpvdv 
U 1 U 1 

1 I 

= aVo x 2 ' . (7) ncPe vox-  ~- + x a + - -  Vo : x x '~ 
u, 2u~ ~ u~ u~ 4u~ , 
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A c c o r d i n g  to (7), the v a p o r  content  c ~ x ~ ff the bubble buildup dur ing  the flow follows Eq. (6), but  e ~ x 
if  t he re  is no bubble buildup and ~ = 0. The  a v e r a g e  n u m b e r  of bubbles  of a s i ze  v within the en t i r e  vo lume  
can  be found f r o m  Eq.  (1) a v e r a g e d  o v e r  x: 

l l t | 

1 1 I 1 1 

Se?e O(A(~T- 1 ) - - t ] e x p ( D ( 1 - - $ ~ ) ) ~  2 , Se n c - -  , -7 i-- e x p ( D ( 1 - - ~ - ) )  0 (~-- 1) ~ ~-;  
--2- 

~Zr3o CZVo 

1 

A 2v ~ 2 

(8) 

; D =  A ,' 11__ x 1 ; ~=__v . , S e = P c x l + A o ;  
tl Ul V0 

x I 

*0 = (v) = ,  (0, v); , (t, v) = S ~0dx. 
0 

In o r d e r  to d e t e r m i n e  the d i s t r i bu t ion  of  bubbles ,  p e r  uni t  walI  a r e a ,  which e m e r g e  in the vapor  nucle i  and 
then build up until  they  s e p a r a t e ,  it is  n e c e s s a r y  to so lve  Eq.  (1) for  (ul~o)x = 0 with a given s i ze  d i s t r i b u -  
t ion of  vapo r  nuc le i  and a s t a t i o n a r y  bubble buildup a c c o r d i n g  to the law in [71 (t a denot ing the a v e r a g e  dwell 
t ime  of  a bubble a t  the wall) .  This  so lu t ion  is 

l I 

f(0, ~) = f0(R); 

with R denot ing  the bubble  r ad ius  and R denot ing  the buildup r a t e  of  a s t a t i ona ry  bubble.  Dis t r ibu t ion  (9) 
can  be used  a s  a c o n s t r a i n t  fo r  qoe, ~o 0 in the solut ion of Eqs .  (1). Ano the r  p r o p o s e d  method  of de t e rm in in g  
the  vapo r  content  in a boi l ing  l iquid is as  fol lows.  By in tegra t ing  Eq.  (1) fo r  q~ with r e s p e c t  to vdv, we  
a r r i v e  a t  the cont inui ty  equat ion fo r  the v a p o r  p h a s e :  

a (cA) § O (-[qcA) = ~ oe~dv + S nepeepevdv---.-Hl+ H 2 ~ H .  (10) 
o-7- cl O--T- 

H e r e  cA = f vqxtv, c i r c a  = f u i~cdv ,  and u 1 = u + u s .  A c c o r d i n g  to (10), e 1 can  be d e t e r m i n e d  if the f o r m  
of the p ro f i l e  Us(V) is known:  

�9 Iulcpdv "futq)vdv u~ = ' (11) 
c1= (y~vclv)~' ycpdv 

By a v e r a g i n g  Eq.  (1), we have  l o s t  s o m e  in fo rma t ion  and,  t h e r e f o r e ,  e 1 m u s t  be d e t e r m i n e d  e i ther  f r o m  
t e s t s  o r  f r o m  the so lu t ton  to (1) with s impl i fy ing  a s s u m p t i o n s .  I f  u 1 = cons t ,  then e 1 = 1. The  vapo r  supply  
gene ra t ed  by the buildup of bubbles  du r ing  the t ime of flow is equal to H 1 = f ~q~lv. The  quant i ty  H i m u s t  
be  p r o p o r t i o n a l  to the quant i ty  of  vapo r  in the bubbles  which a r r i v e  a t  point  (t, x) f r o m  the bo t tom and f r o m  

the l a t e r a l  wa i l s  f r o m  x to x - t h t  <- 0: 

H~(t, x ) = f f  S nepe%(t' ' Xo ' Vo)V~dxodoo+ i noAo%(V, Vo)v~dvo~Al+ A~; (12) 
0 x - -u l t>O 0 

H e r e  A 2 : 0, if x - u l t  > 0, t '  : t -  / d x / t t  1 , t" = t -  t ' d x / u  l ,  and x0, v 0 a r e  the bubble coo rd ina t e s  a t  the in -  

Xo 0 

s tunt  of  s e p a r a t i o n  f r o m  the wal l .  In  o r d e r  to d e t e r m i n e  vx(t,  t ' ,  x, x 0, v0), we  modi fy  Zavo i sk i i ' s  f o rmula  

(2) [2, 31 with AT = AT(t ,  x):  
x n 

[o ) 1 ~(t, x) 1 - - n  "cr - - =  v~= olo - + t - - - - ,  x" dx" x ~; u l - -  (13) 
ux ul u 1 dt dx 

xo 

With the bubble d i s t r i bu t i on  on the wal l s  given as  Ce = 6(V-Vo) and go 0 = 6(V-Vo), we obta in  fo r  H i with 

n = 1 / 2  [81 

i 

i f i ) 1 n~P~fo~[t x - - x "  H t(t, x ) =  co(t, x) neP~voe d x ' ] +  =(t,x) , x" dUdx' 
u 1 j 2u~ ,} ~, ul 

x--utt>.O X--utt>O x" " 
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1 
- -  X 

+[o , ,  x : )] , x" dx" =CI+C~+Cs-]-C4, (14) 
ul [ 2u, .! \ ul 

0 

w h e r e  C1, C 2 c h a r a c t e r i z e  boi l ing a t  the l a t e r a l  wal ls  and C~, C 4 c h a r a c t e r i z e  boi l ing  a t  the con ta ine r  b o t -  
tom.  If  x - u l t  > 0, then C 3 = C 4 = 0. I n s e r t i n g  (14) into (10) y ie lds  the (t, x ) -d i s t r ibu t ion  of  vapo r  content :  

1 

i i - �9 cA = (cA)o fl- ncPcv~ dx' +. ~ (t', x') ncPcv 2 dx"dx' 
U 1 ,j U~ 

x--uzt>O x--ult>O x'--ull" ~,O 

1 

. no( ,  
ncPr ~z (g", x'") dx"'dx"dx' + a (t', x') dx' + ~(t', x') 2u? u~ 

x--:~it~O x'--Uz--t' ~0 x" 0 

n o t '  A o x 

+ a(t', x'), o~(t", x" )dx"dx '=Do+Dl+D~+Ds+D4+Ds;  (15) 
.1 2u~ 
0 0 

D o=D~=DS=O,  if X--Ult>O, l ' = t - - x - - x ' ,  t "=t '  x ' - -x"  , 
121 Ul 

I f  x - u ~ t  > 0, t '  = t - ( x - x ' ) / u  I ,  t" = t ' - ( x ' - x ' ) / t  h ,  t '"  = t ' - ( x ' - x " ) / u  t ,  then D o = D 4 = D 5 = 0. I f  ~ = c o a s t  
(AT = cons t ) ,  then,  a c c o r d i n g  to (15), c ~ t '~ when x - u l t  > 0 and c(x) is the s a m e  as  d i s t r ibu t ion  (7) ba sed  
on (3) when X-Ul t  _ 0. If  e ( t ) - o ~ ( t - x / u  t) << 1, then ~(t ,  x) can  be taken  out  of  the in tegra l  s igns  and a s o l u -  
t ion  the s a m e  a s  for  ~ = cons t  can  be obtained.  If  the t e m p e r a t u r e  d i s t r ibu t ion  AT(t,  x) and thus the ~(t,  x) 
d i s t r ibu t ion  a r e  known, t h e r e f o r e ,  then Eq.  (15) def ines  the vapor  content  c(t ,  x) ins ide a ve r t i c a l  con ta ine r  
(pipe). In the gene ra l  c a s e  AT(t,  x) m u s t  be d e t e r m i n e d  toge ther  with c( t ,  x) f r o m  the e n e r g y  equation.  We 
will  w r i t e  h e r e  the one -d i m e ns i ona l  cont inui ty  equat ion fo r  the vapor  phase  and the one -d imens iona l  e n e r g y  
equat ion  fo r  the m i x t u r e ;  the o the r  equat ions then fol lowing ana logous ly :  

(Pl cA) t -t- (PlglCA)x = Pl/'/; ( 16 ) 

(plCh,A - ~ D( l - -  c) hA) t  --~ (01ulchl A --~ p(1 - - c )  u, hA)  x = q~ . 

A c c o r d i n g  to [12], T = T s and hl0 = OpT s + hevap.  If  the enthalpy of vapor  is h i = h + hevap = cpAT + hlo, 
then the  r e l a t i ve  e r r o r  5 = c p A T / ( e p T s  + hevap) << 1 for  m o s t  subs t ances .  F o r  ins tance ,  5(H~O) = 10 -4, 
5(N2) = 0.006, 5(02) = 0.001, 5(Li) = 10 -5. In that  c a s e  (16) y ie lds ,  with fl = c p A T / ~  = c o a s t  (2), the equa -  

t ions  

[(Ap) ~, + (6A) a,] = q~ - -  (p,H)hevap" (17) 

(~,GpA), + (ZaA),  = pl/-/. 

I n s e r t i n g  H(t,  x) into (17) y ie lds  non l inea r  in tegrod i f fe ren t i a l  equat ions  ( inasmuch as  nc and v 0 a r e  func -  
t ions  of  AT) for  c( t ,  x) and AT(t,  x). F o r  the s t e a d y - s t a t e  c a s e  ( 0 / 0 t  = 0 and GA = coas t )  Eqs .  (17) and (14) 

can  be wr i t t en  as  
1 I x x 

[ (  " n -  - - ]  [!~ 
evapl[ncP~vo], + a (x) LJ cPCV~ 2 dx' + noAovo~ 2 ,+ a (x) , a (x) dx" (6A) cz~ q~ plh 

0 
X 

n:o 
+ 2u~ J = qz - -  B, - -  B~-- Bs; (18) 

O 

w h e r e  B t deno tes  the e n e r g y  c o n s u m e d  on gene ra t ing  bubbles  of  s i ze  v 0 a t  the height  x,  B 2 denotes  the e n -  
e r g y  c o n s u m e d  on the bubble buildup be c a use  of the i r  ini t ial  s i z e  v 0, and B 3 denotes  the e n e r g y  c o n s u m e d  
on  the bubble buildup b e c a u s e  of  the s u p e r h e a t  ( cons ider ing  now that  v 0 ~ 0). Within  c e r t a i n  r a n g e s  of  AT 
the  quant i t ies  n c and n0v 0 can  be r e p r e s e n t e d  in t e r m s  of  power  funct ions  in AT [1-6,  10, 111 (lett ing P c  

= c o n s t  and A = cons t ) :  

nc=ne(AT)=ndz'; n~ n~176 v~ (19) 
I 

ncp c ----- al~zs; ncPeV o : a~of; ncPcOO 2 --. aa~zp. 
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If  the bubbles  build up only  s l igh t ly  dur ing  the flow, i .e . ,  when the l iquid is supe rhea t ed  only  at  the wal l s ,  
t h e n B  2 ~ B  3 ~ 0 ,  v ~ v  0' 

[~ (GA) a x = q~ - - A ~ s  r, (GA) Zx = B2s', A~ = a2plhevap, B2 = a~Pl, (20) 

and the solut ion fo r  q~. = cons t ,  J a  >> 1, r = 2 [4] is 

% )/a2q ~ + %th (1/~--~ q-Tx ) 

~(x) = VrA~qz +-A,%th (VZA--~z x) ; 

x 

X = B 2 .I s2(  x ' )dx ' ;  (21) 
0 

-~ = q~/GA~; 712 = AJGA~; ~ = BdGA~. 

F o r  qE = 0 and any  va lue  of  r 
I 

a (x) = [so I-~ + (1 --r)-A 2 (x--%)] i-~. (22) 

If  the l iquid is suf f ic ien t ly  supe rhe a t e d  o v e r  the en t i r e  vo lume ,  then B 2 >> Bt ,  B 3 >> BI, and for  B 2 >> B a 
(i .e. ,  when  the bubble buildup is d e t e r m i n e d  ma in ly  by s i ze  v 0 a t  separa t ion)  Eq. (18) y ie lds  

x 

(GA) %: = qz - -  A~ s (x) s v - -  Aas (x) S & (~) d~. (23) 
0 

F o r  J a  >> 1, a c c o r d i n g  to [10], p = 0 and the so lu t ion  to (23) is 
x 

0 

W h e n v  o ~ 0, i . e . ,  when  B a >>B z, Eq.  (18) y ie lds  
x x 

o o (25) 

z (0) = O; 2 (o) = %.  

F o r  s = 0 Eq.  (25) r e d u c e s  to 

= qx - -  y[]z (a -}- bx) - -  bY]; Y (0) = 0; Y (0) = 0; Y (0) = %. (26) 

Equat ions  (25) and (26) a s  wel l  a s  the genera l  equat ion (18) can  be so lved  only n u m e r i c a l l y .  Le t  us c o n s i d e r  
the c a s e  w h e r e  no boi l ing  o c c u r s  a t  the l a t e r a l  wal ls  and bubbles  appea r  only on the bo t tom of the con ta ine r  
(in a pipe they a r e  b rough t  into a given s e g m e n t  toge the r  with the l iquid f r o m  below).  F r o m  Eq. (18) we e x -  
t r a c t  the t e r m s  which c h a r a c t e r i z e  boi l ing  on the bo t tom:  

x 

0 

(27) 
l 

2 h noAov p evap. noAophevap 
a -  ~ 5 ~  , b= 2.~aA~ 

The  non l inea r  equat ion (27) will  be now so lved  fo r  the s i m p l e s t  f o r m s  of  hea t  s o u r c e s  qy,: 

q x : 0 ;  s ( x ) =  C% - - ;  C - -  a ~ + b a ~  ; (28) 
- -  a 

/Cch (r + -g  ~h (V~x) 2 

1 

1 du u (x) ~ - ~ Z  (t) -}- 2~ -~ Z, (t) . (29) 
q~=const; s(x)= --b " dx ; = Z (t) ' 

1 4 Z = C l l  ~ ( t ) + C 2 I _  ~(/); v =  ; t =  ~a/2; 
3 3b-qz 

t = - ~ -  x + C; C = b % + - ~  ; 
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I C' -g 

Fig.  1. Dis t r ibut ion of superhea t  ~(x) 
(I) and of vapor  content • (II) along 
a pipe:  q z  = 0 (A), qx  = const ,  qz  
_< plHhevap (B1), q z  = eons t  _> pII-Ihevap 
032), q~. = q0 e - m x  (C). 

"qz=qoexp(--Tx); r162 = -b- �9 - ~  ; = - ~ ( t )  ( - -  7 exp ; (30) 

z(t)=cd.~(O+cj_~(t); t = / ~ x p  ( - - ~ - )  ; 

a~ + q~ ; u (0) = a; ux (0) = ba 0. v = / E C ;  C = ~o + T 

Constants  C 1 and C 2 a r e  de te rmined  f rom the initial conditions u(0) and Ux(0). Solutions (28)-(30) a r e  shown 
d iag ramat i ca l ly  in Fig.  1. Depending on the re la t ion  between q z  and s 0, the superhea t  of the liquid along 
a pipe f i r s t  r i s e s  as  long as  the hea t  consumed on bubble buildup does not compensa te  for  the p r e s e n c e  of 
hea t  sources  in the vo lume,  and then drops  to ze ro  while the vapor  content i nc rea se s  to a constant  level  o r  
till the flow mode  changes ,  Bubbles coming f rom the l a t e ra l  walls  (solutions (21), (22), (24), and Eq, (18)) 
have an analogous effect ,  but Eq. (18) can be solved only numer ica l ly .  

This  method is appl icable  a lso  to other  modes  of two-phase  fluid flow. We then exp res s  the m a s s  
sou rce  in one phase  as  [13] 

X 

In a d rop le t - annu la r  flow mode ~o c denotes the number  of drople ts  fo rming  a t  instant  t - ( x - x ' ) / u  1 a c r o s s  
sec t ion  A(xO, d m c / d x  denotes the r a t e  of change of d rop le t  m a s s  during the flow, t '  , x '  , and m'c a r e  the 
t ime ,  the locat ion,  and the m a s s  of a d rop le t  nucleus.  In a p ro jec t i l e  mode ~0 c denotes  the a v e r a g e  number  
of  vapor  locks  and m c denotes the m a s s  of a vapor  lock. The ra t e  of change of m a s s  d m c / d x  is a function 
of the superhea t  AT and of the sl ip veloci ty ,  i t  depends on the shape and the a r e a  of droplet ,  bubble, and 
lock s u r f a c e s .  Somet imes  this re la t ion  is a power  law [7-9]: 

dmc drnc ---AAT'~S'~ or = BhTrn~. (32) 
dx 

Exponents m and k depend on the flow mode  and conditions.  F o r  a l amina r  flow of bubbles ,  Eqs .  (32) and 
(2) concur .  F o r  a turbulent  flow of bubbles,  the formula  

d--i- ~ t, J ' AAr 
has been der ived  in [9]. By inse r t ing  (32) and (33) kind of express ions  into (31), one can  find both the t e m -  
p e r a t u r e  and the phase  eontent  in a s y s t e m  by the method outlined he re .  When gas bubbles a r e  pa s sed  
through holes  in wal l s ,  then v0, nc,  and n o a r e  independent of the superhea t  &T, but the bubble buildup 
dur ing the flow is a function of AT: v -- v(&T). When PV >> PG (PV and PG denote the r e spec t i ve  par t ia l  
p r e s s u r e s  of vapor  and gas in bubbles) ,  then the r a t e  of bubble buildup can be de te rmined  accord ing  to (2). 
Obviously,  PV >> PG a t  t >> 1 o r  x >> 1 or  &T >> 1. Under such conditions,  the genera l  equations (12)-(30) 
desc r ibe  the bubbling p r o c e s s  in a liquid. 
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A 
Pc 
h evap 
p = plc + p(1-c)  
G = plulc + pu(1-c)  

X = plulc/G 
~(t, x) 
c(t, x) 
Ja 
qN 

Se 
hl,~o 
Ts 
no, no 

~c (t, x, v); 
r x, v) 

v 

u 

u s 

ut 

N O T A T I O N  

is the cross-sect ional  area; 
is the circumference;  
is the heat of evaporation; 
is the mean density of mixture; 
is the mean mass rate of mixture flow; 
is the relative vapor content; 
is the discharge vapor content; 
is the relative superheat according to (2); 
is the relative vapor content; 
is the Jacob number; 
m the volume heat sources;  
~s the surface of interphase boundary; 
is the enthalpy of vapor; 
~s the saturation temperature;  
are the total particle currents (per unit time) from unit area of lateral walls and of 
container bottom respectively; 

a re  the probability of bubbles of size v separating from wall and from bottom respec-  
tively; 
is the bubble size; 
is the velocity of liquid phase; 
is the slip velocity; 
is the velocity of bubbles; 
is the mean velocity of vapour phase. 

S u b s c r i p t s  

1 denotes vapour phase. 
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